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Proposal for electron acceleration by two collinear, overlapping laser beams

Satoshi Takeuchi and Ryo Sugihara*
Ecosocial System Engineering, Faculty of Engineering Yamanashi University, Kofu 400, Japan

~Received 18 March 1996; revised manuscript received 17 July 1998!

Two collinear Gaussian beams having the fundamental mode are directly applied to electron acceleration.
An optimal longitudinal electric field is created by overlapping the two beams. The field has a significant peak
when the phase difference between the two traveling waves is just half a wavelength. In contrast, the transverse
electric and magnetic fields cancel each other in this region. Hence electrons that resonantly interact with this
axial field can be stably accelerated.@S1063-651X~98!12512-6#

PACS number~s!: 41.75.Lx
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The energy density of a focused laser beam is usu
much greater than that of microwaves. Consequently m
ideas for accelerating electrons by the use of a single focu
beam or an electromagnetic pulse have been proposed@1–4#.
The laser beam is, however, essentially a transverse ele
magnetic wave and directions of acceleration in tho
schemes are transverse. This gives rise to a complexit
configuration, e.g., imposing a uniform electric or magne
field on the laser beam@5–8#.

On the other hand, a narrow beam like a Gaussian b
in vacuum has an axial longitudinal electric field that is fo
mally described byEz52*“ t•Etdz, where subscriptt
stands for the transverse component. By the use of this
of a single beam, novel ideas of electron acceleration h
been reported@9–12#.

We report here an idea for accelerating electrons by
use of an axial longitudinal field produced with two Gauss
beams which collinearly overlap. The field pattern is simi
to a TM mode. Alternatively, electron acceleration by tw
crossing beams in free space is also proposed@13,14#. Beam
fields used in this case are purely transverse and non
linear; therefore the mechanism of acceleration is differ
from that being presented here.

To analytically derive the optimal field for electron acce
eration we explicitly describe all components of the be
field through the vectorial analysis@9,15#. Suppose that the
electric field components are presented by

~Ex ,Ey ,Ez!5@ f ~x,y,z!,0,g~x,y,z!#exp~ ikz2 ivt1 ia!,
~1!

where functionsf and g indicate beam envelopes,v5kc
with wave numberk and frequencyv of the traveling wave,
and a is an arbitrary phase. SubstitutingEx into the wave
equation we obtain a Helmholtz type equation in the form

]2f

]x2 1
]2f

]y2 12ik
] f

]z
50, ~2!

under the paraxial approximationu]2f /]z2u!u2k] f /]zu.
This equation has a familiar Gaussian solution.

*Present address: Department of Physics, Graduate School o
ence Nagoya University, Nagoya 464, Japan.
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3expF2 ifmn1

ikr 2

2R~z!GexpF2
r 2

w2~z!G , ~3!

where r 25x21y2, fmn5(m1n11)tan21(z/zR)(m>0,n
>0), w(z)5w0A11z2/zR

2, R(z)5z1zR
2/z, zR5kw0

2/2, and
Hm andHn are the Hermite polynomials. ThezR is the Ray-
leigh range andw0 is the beam width at the waist. If we
choose fundamental mode (n,m)5(0,0), functionf is given
by

f 5
A

w
expS 2 if001

ikr 2

2R
2

r 2

w2D[
A

F
expS 2

r 2

F D , ~4!

where F52iz/k1w0
2. By the use of“•E50 and the

paraxial approximation, functiong is given by

g5
2x

ikF
f . ~5!

Consequently all components are explicitly written as

Ex5
A

F
expS 2

r 2

F
1 ikz2 ivt1 ia D , Ey50, Ez5

2x

ikF
Ex ,

~6!

Bx5
4xy

~kF!2 Ex , By5F112
~y22x2!

~kF!2 GEx , Bz5
2y

ikF
Ex .

~7!

Now let us set one beam axis at (x,y)5(2r 0 ,0) and the
other at (x,y)5(r 0 ,0); r 0 will be optimized later on. We call
the former beam 1 and the latter beam 2. All field comp
nents of the two beams are given by replacing the variabx
by x2r 0 in beam 1 and byx1r 0 in beam 2 in Eqs.~6! and
~7!. Therefore these beams collinearly overlap each other
the gap distance between the two beam axes is 2r 0 . In order
that transverse components of the two beams cancel
other out, the phase difference between the beams mus
ip. Thus the combined fieldEs(x,y,z) ( j 5x,y,z) is given
by
ci-
7874 © 1998 The American Physical Society
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Es~x,y,z!5Ej 11Ej 25Ej~x1r 0 ,y,z,t !

1Ej~x2r 0 ,y,z,t !exp~ ip!, ~8!

where Ej (x,y,z,t) are defined in Eq.~6!. Also Bs(x,y,z)
will be given in the same procedure.

Figures 1 and 2 show cross sections of beam profiles
the x-z plane at t50 under some optimal condition de
scribed later. In both figures regions of strong field a
shown by dark streaks. The longitudinal electric field is p
sented in Fig. 1. The overlapping region of the beams in
center of the figure is mainly occupied by the strong elec
field, while in the case of the transverse electric field d
picted in Fig. 2, the field intensity in the overlapping regi
is not very large. In particular, on thez axis, the transverse
electric fields cancel each other out. Hence, the elec
moving along the axis can be stably accelerated by re
nantly interacting with the longitudinal fields.

The phase velocity of the Gaussian beam is usu
greater than the speed of lightc and the interaction range i
essentially finite @9#. A relativistic test electron withg
>103 is supposed to be injected from the left hand side a
directed to the right; the direction is the same as the la
beams. Since the transverse field on the axis is zero, we
focus our attention on the interaction withĒz5Re(Ez) at
(x,y)5(0,0). Before proceeding we evaluate the phase
tor C[kz2vt1a. The test electron is assumed to pas
point z52l at t50. Then we may approximateC by

FIG. 1. Cross section of the longitudinal electric field of t
superposed beams on thex-z plane, wherer̃ 05kr0 and z̃R5kzR .

FIG. 2. Cross section of the transverse electric field of the
perposed beams on thex-z plane, wherer̃ 05kr0 and z̃R5kzR .
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c F ~z1l !2
c

vz
~z1l !G2kl 1a

'2
k~z1l !

2g2 2kl 1a'2kl 1a[C0 , ~9!

where we usedt'(z1l )/vz , and (12bz)'1/2g2. The
magnitude ofz and l may be of the order of the Rayleig
range and then, ifg@kw0 , C is nearly located at the initia
phase2kl 1a[C0 . In order to reduce the number of a
bitrary parameters we extract the test electron atz5l sym-
metric with z52l aroundz50. Another choice of the ex-
tracted point might give more efficient acceleration.

Now the energy gainG5mc2(g2g0)[mc2Dg is given
by

G5ReF2eE
2l

l

~Ez11Ez2!dzG ~10!

'ReF2
4eAr0

ik E
2l

l 1

F2 expS 2
r 0

2

F
1 iC0DdzG . ~11!

Noting F52z/ ik1w0
2, we obtain an explicit form,

G5
4eA

w0j
expS 2

j2

h211D sinS j2h

h211D sin C0 , ~12!

wherej5r 0 /w0 andh5l /zR .
We proceed to optimize thej andh parameters. Note tha

C0 includesl or h. We, however, assume thatC0 is always
adjustable to sinC051 by changinga, the arbitrary phase
constant, for any pair ofj andh. In other words, we choose
such an electron whose phase is adjusted to sinC051 in the
initial phase. The maximum ofG is obtained for suchj and
h that j2h/(11h2),p. At the maximum point (jm ,hm)
we have]G/]jm5]G/]hm50, which gives

FIG. 3. Comparison between the numerical and analytical
culations of the net gainDg[g2g0 . Parameters used arekw0

510, qE0 /mcv54 for a single laser beam, andg0'70. Accord-
ing to the sign of sinC0, acceleration or deceleration takes pla
whereC0[2kl 1a.
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tanS jm
2 hm

hm
2 11D 5

jm
2

hm
2 , 2jm

2 5hm
2 21 ~13!

and obtain numericallyjm51.37 andhm52.18. Thus the
optimal configuration of the two beams is attained by sett
the gap distance to be 2r 052.74w0 and the test electron
being injected atz522.18zR and extracted atz52.18zR ob-
tains the maximum energy gain.

Denoting A by E0w0
2, E0 being the peak intensity of a

single laser beam at the beam waist, and usingjm andhm we
finally obtain a workable formula for the maximum ener
gain:

Gmax51.37ew0E0 ~14!

56.72e~Ez!maxzR ~15!

50.38 102@P~W/cm2!w0
2~cm!#1/2 eV. ~16!

It is noted thatPpw0
2 is constant provided the total outpu

power of the laser beam is fixed and henceGmax is un-
changed while the acceleration lengthRa54.46zR is reduced
if we have a stronger focusing. In Fig. 3 a numerical evalu-
ation of Eq. ~10! and the analytical value of Eq.~12! are
shown. The net gainDg’s are calculated when the test ele
tron is injected atz52l m and is extracted atz5l m where
l m5zRhm . The initial phaseC0m52kl m1a changes asa
does. Expression~12! carries a good approximation to Eq
~10! though a small discrepancy is appreciable nearC0m5
2p wherek(z1l m)/2g2'kl m /g2'0.

As is shown in Fig. 2 the longitudinal field is much larg
than the transverse field near thez axis while the latter be-
comes greater as one goes off laterally in thex-z plane. The
transverse field has two peaks atx5r 0 and2r 0 , produces a
restoring force as a form of ponderomotive force@16# on

FIG. 4. Schematic diagram of a proof-of-principle experime
Two collinear, overlapping beams are collimated in a portion wh
parts are arranged following the principle of the Mach-Zehnder
terferometer. BS andM stand for a beam splitter and a mirro
respectively, and matching conditionL12L21(12n)5(l/2)(2m
21) must be satisfied withm51,2,... .
g

electrons between peaks, and tends to drive particles to
center. This is favorable for acceleration and for particle c
finement. Furthermore, a high energy electron traveling w
the wave experiences the transverse electric field reduce
(2g)21 and is affected mainly by the longitudinal field. Thu
the transverse instability is negligibly small and the longi
dinal field plays the dominant role in the acceleration.

Figure 4 shows a schematic diagram of experiment
verify this acceleration mechanism. The part of optical m
ing to create two collinear, overlapping beams is construc
based on the principle of the Mach-Zehnder interferome
Two optical paths BS1-M2 and M1-BS2 are equal to each
other in length, while the path BS1-M1(L2) is a little shorter
than the path M2-BS2(L1). Hence, to obtain an optimal field
the matching conditionL12L21(12n)D5(l/2)(2m21)
must be satisfied, whereD is the width of a material whose
dielectric constant isn while m is an integer:m51,2,... .

There will inevitably be a small angle between the tw
beams. We will evaluate an allowed angle to the experim
The distance between the lens and the focal point and
separation between the beams on the lens are assumed
L and 2r 0 , respectively. When the angle is zero the config
ration is optimized. Suppose one beam makes an angu
with the z axis and then the ray path deviates byLu. Also
the deviation of the path of the other beam is supposed to
Lu8. Then the phase differencedC between the lens and it
focal point may be

dC5
2p

l
Luu2u8u, ~17!

which must be less thanp, i.e.,

uu2u8u,l/2L.

This gives uu2u8u,1025 for l51026 m and L;0.1 m.
Also deviation in they direction gives almost the same s
vere redundancy. This would be negligibly small, e.g., by
use of a free electron laser~FEL! with a longer wavelength.

In Table I we present optimal energy gains and accele
tion lengths for various lasers. Energy gains obtained h
are comparable with those obtained in experiments on
plasma beat wave acceleration@17,19# and on the laser wake
field acceleration@18#. We may have a 1 TeV electron in
device of several kilometers long which is composed o
few ten thousand units of acceleration elements. This w
accompany many technical hurdles to be overcome.

In summary, we show the fundamental mechanism
electron acceleration by two collinear, overlapping las
beams. The optimal acceleration is analytically derived in

.
e
-

TABLE I. Optimal energy gains and acceleration lengthsRa for various lasers.

Laser l ~mm! w0 ~cm! P (W/cm2) Gmax ~eV! Ra ~cm!

CO2 10 1022 1015 1.23107 1.37
Nd glass 1 1023 1017 1.23107 1.3731021

Ti sapphire 1 1023 1018 3.83107 1.3731021
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high energy region with the gap distance 2r 052.74w0 and
with the acceleration lengthRa52h54.36zR about two
times confocal parameter. An optimal energy gain is giv
by the product of the waist length and the magnitude
transverse electric field. If this electron acceleration
proved experimentally, it will also verify the existence of th
longitudinal electric field of a focused laser beam.
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